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Abstract

In this study, we develop a simple overlapping generations model that can ex-
hibit chaotic fluctuation. The key assumption is that a firm’s owner can choose from
a continuum of technologies of production. As a result, the model reduces to a
piecewise smooth map, which is tractable enough so its dynamics can be analyti-
cally investigated in depth. To study chaotic behaviors in the model, we adopt two
approacheshorder collision bifurcatiorandMarkov property The border collision
bifurcation theory characterizes the routes from a globally attracting steady state to
other non-stationary behaviors. The Markov property reveals the chaotic dynamics
of the model for a much larger set of parameter values.
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1 Introduction

There is no doubt that the overlapping generations (OLG, hereafter) model is one of the
most popular dynamic economic models in the literature. Especially, the OLG setting
plays an important role in constructing an endogenous growth (or business) cycle model,
which exhibits, without external shocks, a perpetual periodic or chaotic (i.e., random-
looking but deterministic) fluctuation. In early literature, a few prominent examples of
such perpetual fluctuation in an OLG model can be found in the studies by Benhabib and
Day (1982) and Grandmont (1985).

Matsuyama (2007) presents an OLG-type model of credit cycles induced by finan-
cial imperfections; he shows that the model has the capability to exhibit several dynamic
growth patterns, including perpetual fluctuations. Asano et al. (2012) focus on a special
case of the model by Matsuyama (2007) and show that, in such a case, the model can
exhibit periodic and non-periodic fluctuations. lwaisako (2002) investigates a situation in
which investors can choose from among two production technologies—constant returns
to scale and increasing returns to scale—and shows several dynamic patterns such as per-
petual fluctuation and permanent economic growth. It should be noted that, in the above
studies, each model can eventually reduce to a one-dimensional map with discontinuity.
In these models, the set of parameter values for which a complex fluctuation can appear is
extremely “thin” even if there exists a complex fluctuation theoretically. In other words,
the chaotic motions cannot be observed virtually.

Along this line of discrete choice in an OLG model, Umezuki and Yokoo (2019) con-
struct an explicit OLG model in which the firm faces a binary choice problem related to
the choice of technology (represented by the Cobb-Douglas production function of con-
stant returns to scale). Similar to the above studies, our model can eventually reduce to a
piecewise linear map with discontinuity. Such piecewise-linearization, similar to Asano
et al. (2012), helps us to directly apply to our model some useful results borrowed from
prior studies on mathematical neuron models. The employment of this method completely
characterizes the existence and occurrence of periodic fluctuations in the model. However,
the model also cannot virtually reproduce complex fluctuations, because it has a small set
of parameter values for which there exists non-periodic fluctuation in the model.

Of course, we can frequently obsemen-periodic, complex fluctuation of economic
variables in the real world. Therefore, it is natural that, along this line, we develop a
model that can virtually reproduce the chaotic fluctuations in the long run. Especially,
this study aims to extend the model in Umezuki and Yokoo (2019). To do this, our idea is
to smooth the map with discontinuity through some modifications. If this new piecewise



smooth map has licient nonlinearity, we can easily conjecture that the model has the
capability to generate observable complex fluctuations.

It must be noted that the approach to smooth the discontinuous model has been dis-
cussed in context. Yokoo and Ishida (2008) introduce imperfect observability, which
they call misperception. It is represented by a parameterized random variable in the state
variable to smooth Ishida and Yokoo’s (2004) piecewise linear model with discontinu-
ity, which is a macroeconomic, but not an OLG, model with discrete choice. Asano and
Yokoo (2019) also adopt this idea into the model in Asano et al. (2012) and investigate
the chaotic dynamics. However, in general, the abovementioned smooth model with im-
perfect observability is too general to investigate its dynamics in detail. Indeed, these
studies make a somewhat strict assumption about misperception, in which the model can
reduce to a piecewideear map. Although such linearization gives us depth and clear
results about the complex dynamics of the model, there is a tfidbleveen tractability
and generality in this method.

On the other hand, in this study, we use a more primitive and intuitive way to smooth
Umezuki and Yokoo’s (2019) piecewise linear map with discontinuity. There is only one
modification: we assume that the firm facesomtinuouschoice problem of technology
rather than a binary choice problem. As a result, we can transform, without additional as-
sumption, a piecewise linear model with discontinuity into a continuous piecewise smooth
model that can virtually reproduce the chaotic motion and is tractable enough to inves-
tigate such a fluctuation. In this sense, our model can cope with both generality and
tractability. Matsuyama (2013) and Matsuyama et al. (2016) adopt the same method,
which assumes a continuous choice instead of discrete choice, to smooth the discontin-
uous model in Matsuyama (2007). However, our model is simpler than Matsuyama'’s in
terms of the story and motivation behind the modeling.

To study the complex dynamics in continuous piecewise smooth maps, we adopt two
approachesborder collision bifurcationand Markov property That is, we obtain two
different characterizations of chaotic dynamics in the model. The first approach includes
a bifurcation that occurs in piecewise smooth, piecewise linear, and piecewise non-linear
maps. This theory reveals the bifurcation from a globally attracting steady state to other
non-stationary behaviors using only local information in the system. Especially, we can
completely characterize the bifurcation from an attracting steady state to another non-
stationary attractor, such as periodic cyclescbaotic bundles Gardini et al. (2008)
and Matsuyama et al. (2016) use the border collision bifurcation theory to investigate
the chaotic dynamics in their models. Second, we find that our model can have a special
property—a Markov property for some sets of parameter values. If the model has such



a property, we can easily establish and characterize its complex dynamics. Yokoo and
Ishida (2008) and Asano and Yokoo (2019) find the Markov property in their piecewise
linear models to analyze the chaotic dynamics. Therefore, from a technical viewpoint,
our model has an advantage against the preceding models because we can characterize
the chaotic fluctuations in the model using twéelient approaches.

The remainder of this paper is organized as follows. Section 2 re-examines the OLG
model with a binary choice of technologies. Section 3 derives the piecewise smooth
model by introducing a new assumption, a multitude of choices in the technologies, into
the OLG model with a binary choice setting. Section 4 describes the border collision
bifurcation theory characterized by routes from the globally attracting steady state to other
non-stationary cycles, including chaotic fluctuation. Section 5 reveals that the capability
of the model has a Markov property for some set of parameter values. Section 6 concludes
the study. Some mathematical proofs are delegated to the appendices.

2 The model under binary technology choice

In this section, for the reader’s convenience, we re-examine the base model of this study.
(See Umezuki and Yokoo (2019) for more details.) We consider a Diamond-type one-
sector OLG model that is modified further. Time is discrete, thatis,0,1,2,---, and
the agents live for two periods. A young household supplies one unit of labor inelastically.
We keep the utility functiony, of the household as simple as possible; this allows us to
assume that it is in the form of a log-linearized Cobb-Douglas production function, that
is,

u(d.c,,) = (- 9logd + slogc?,,,  se(0,1), (1)

wherec! denotes the amount of consumption of the young generation born at, time
c;,, denotes the amount of consumption of the old generation living atttim#&. The
utility given by Eq.(1) is maximized under the following constraints:

d+s=w and ¢, =rus, (2)

wheres, w;, andr,; are the amounts of saving, real wage rate, and real gross rate of
return, respectively. The maximization yields

S = SW. 3)

The final good,Y;, which is perishable, is produced by the firm. Unlike the common
OLG models, we assume that there are two types of production technologies. We also



assume that, at the beginning of every period, the firm faces a discrete choice problem
related to the choice of technology. For simplicity, all the technologies are specified as
the Cobb-Douglas of constant returns to scale:

Y: = Fo(K, Ly) = AKEL{?  and
Yy = Fo(Ki, Lt) = BKtbLtl_b,

whereA, B > 0 is the total factor productivity, and € a < b < 1 is the capital share of
the production of technology. In the per-capita form, we can write

Y = fi(k) = Fi(k., 1), (4)

wherey; = Y;/L;, ke = K¢/Lt, andi € {a, b}. We assume that the firm’s owner, who belongs

to the old generation, chooses technology that earns the highest return. For simplicity, we
assume that when the highest rates of return are tied among two technologies, technology
1 characterized bya( A) is chosen. Subsequently, the usual first-order conditions with the
technology choice are represented by

re = fik, )

W, = th(k()_k[fi(k[), and (6)

J = arg maxf; (k). (7)
jela,b}

The market clearing condition,
k{+1 = S[a (8)

with Egs.(3), (6) and (7) generate the dynamic model in the following form:

kt+l:{ sAl-ak® 0<k <k, ©)

sB1-bkP k<k,

where

R 1/(b-2)
k= [aA] (10)

bB
It is clear that if Eq.(9) has a positive fixed point, it would be globally attracting. As
we are interested in non-stationary behaviors, we examine the case where Eq.(9) has no
positive fixed point. The following lemma shows that there is a parameter set for which
EqQ.(9) has no positive fixed point.

Lemma 1. Letab € (0,1) witha < b, B> 0, and se (0,1) be given. Subsequently,
there exist A> 0 andA > 0 with A < A such that map (9) has no positive fixed point for

Ac (AA).



Proof. See Umezuki and Yokoo (2019). ]

Finally, by defining a new variablbg as

log | ke/s(1 - b)BK®|

= 11
= logb(l—a)/a(l-b)’ (11)

Eq.(9) can reduce to the following piecewise linear map on the unit interval:

_ _ 1+a(Xt—C) if OSXtSC,
X1 = 706) = { b(x — ¢) if c<x<1, (12)
where 1| b I 5
—log[aA/bB] — logs(1 - b)B

¢ = ofs A) = B8 g[aA/bB] —log s(1-b) (13)

logb(1-a)/a(l-b)

Itis interesting to note that Eq.(12) can be identified with a simplified version of Caian-
iello’s equation in the neural networks, whose original model is proposed by Caianiello
to describe the behavior of a “model of brain” or “thinking machine”; this model is stud-
ied by Nagumo and Sato (1972) in detail. Additionally, Hata (2014) comprehensively
analyzes this type of equation, and we utilize this author’s analysis results for the mathe-
matical neuron model to study economic growth.

When investigating Eq.(12), the position of threshe(d A) on the unit interval plays
an important role. The position of the threshold characterizes the dynamical property
of the model. Generally, for a given value @fEq.(12) has either a globally attracting
periodic cycle or a non-periodic attractor.

The following lemma shows that threshals, A) can take any value within the range
of (0, 1), independently of parameteagandb.

Lemma 2. Forany a b € (0, 1) with a< b and any ¢ € (0, 1), there exist 5€ (0, 1) and
A € (A, A) such that ¢s*, A*) = ¢*.

Proof. See Umezuki and Yokoo (2019). |
Now, we restate the existence of a periodic orbit in the model.

Proposition 1. For each irreducible fraction pq € (0, 1), there exists a closed interval
A(p/9) c (0,1) such that if ¢s, A) € A(p/q), for any xe (0, 1), the orbit of x converges
to some periodic orbit of period q.

Proof. See Hata (2014), Theorem 4.2 on p.36 and Theorem 10.1 on pp.117-11&



Thus, we can almost completely grasp the periodic dynamical features of the model by
verifying to which closed interval threshottbelongs. Moreover, owing to the piecewise
linearity of the model, we can exactly calculate the left and right endpoints of the closed
interval A(p/q) for any p/q. See Umezuki and Yokoo (2019) for more details on this
point.

Next, we can consider the following set:

r=[01\ [ J A(p/a).
p/Ge[0,1]NQ
Setl is the remainder obtained from the unit intervalIPby Deleting the infinite closed
intervals. Ifc € I', Eq.(12) has a non-periodic attractor.

Proposition 2. If ¢(s, A) € T, for any xe (0, 1), thew-limit set of x; thatis("o U, clt® (X),
is some compact and totally disconnected uncountable set on the unit interval.

Proof. See Hata (2014), Theorem 7.4 on p.80 and Theorem 8.5 on p.90. O

In the proposition, & represents closure of sAt We can conclude that, fas, A)
I', Eq.(12) has global non-periodic attractor; it implies that once such a threshold value
is chosen, the economy would fluctuate in a non-periodic manner in the long ranyfor
initial condition. However, there is the fact that $eis extremely “thin.” The Hausddr
dimension of sef” is zero. This implies that this base model cannot virtually reproduce
non-periodic fluctuations in the long run.

3 The model under continuum technology choice

In what follows, we modify the base model examined in the previous section to construct a
simple, tractable, OLG model with technology choice to virtually reproduce non-periodic
fluctuations in the long run.

To do this, we make only one modification. We assume that the firm faces a continuum
of technologies. That is, there is a continuum of production functions,

Y = Fo(Ki, L) = AKPLY®, e e[ab],

and the firm can choose this before the production of a good. Here, we also assume that
the parameter of total factor productivity, givenAandB in the binary choice setting, is
constant through all technologies.

Therefore, we face the dynamic model in the following form:

{ ket = SAL— @)k,

@ = arg maX-cap {Aa*k{’*‘l}, and ko> 0. (14)



It is easily shown that is given by

a, kk <ea,
w={ -, if ei <ks<eb, (15)
b, e <k.
Subsequently, we have the following piecewise-smooth dynamic model:
Bl - a)ky, 1 kB <es,
kr =1 B(1+ i)k ™, if €3 <k<ed, (16)
B(1 - b)kP, et <k,
whereg = sA
By defining a new variablg = logk;, Eq.(16) turns out to be
hy(yr) = ay: + logB(1 - a), Y <3
Yirr = h(yr) =4 ha(y) = log(1+ %) +logg -1, |if —%‘ <y < —%, a7
hs(yt) = by + log (1 - b), - <%

Fig.1 depicts the graph of return mapypfwhich has a fixed point i(n—l —%)

a’

<<insert Fig.1 around here-

The graphical argument shows that if Eq.(17) has a fixed poifton -] o[-, ),
it would be globally attracting. Elementary algebra shows the following proposition that
detects the set of paramefer sA for which the model exhibits the globally attracting

steady state.

Proposition 3. Let

1 1-
B (u,v) = —1_\/<9Xp(——u u)’ O<uv<l

For any a< b, if 8 < #*(a. a) or 5(b. b) < 8, map (17) has a fixed point dr-eo, -2 | or
[—%, oo), respectively.

Here, it should be noted that, for aayx b, we haves*(a, a) < 8*(b, b).

As we are interested in non-stationary behaviors, we examine the case wherein Eq.(17)
has a positive steady state on the interﬁfai,—%). That is, we mainly focus on the
following case:

B (a.a) <p <p(b,b).



Let us further classify the model. It is evident that every trajectory generated by (17)
eventually enters the trapping intervial= [hz(—%), hl(—a%1 ] and never leaves it. Thus, to
study the long-run behavior of the model in this situation, it ifisient to focus on the
dynamics of the trapping intervdl, It must be noted that, depending on parameter values
a andb, we face the following two scenarios.

ab  (1L-b)
1. If W>|Og(1_a)

e If B*(a,a) < B < B*(b,a), thenT contains the right threshold only.

, theng*(b, a) < B*(a.b). We have the following cases:

o If g*(b,a) < B < B*(a,b), thenT contains all the thresholds.
e If B*(a,b) < B < B*(b,b), thenT contains the left threshold only.

a-b (1-b)
“ab (1-a)

e If B*(a,@) < B < B*(a,b), thenT contains the right threshold only.

2. If < log , theng*(a, b) < g*(b.a). We have the following cases:

e If B*(a,b) < B < B*(b,a), thenT contains no thresholds.
o If B*(b,a) < B < B*(b,b), thenT contains the left threshold only.

If T contains only the right (left) threshold, the model can be regarded as a unimodal
map. On the other hand, T contains both thresholds, the model reduces to a bimodal
map on the unit interval. Finally, it contains no thresholds, the model can be regarded
as a monotonically decreasing map, which can have a periodic cycle at most period two.
It is reasonable that we omit such an insignificant case.

As we will see later, both unimodal and bimodal maps in our model are capable of
generating chaotic behaviors. We investigate the chaotic dynamics of the unimodal and
bimodal cases in sections 4 and section 5, respectively.

4 Chaotic dynamics: Border collision bifurcation

In this study, we adopt two approaches to investigate the chaotic behaviors in the model.
In this section, we deal witlhorder collision bifurcationto investigate the dynamical
property of the unimodal case. In this case, we can locally, but almost completely, char-
acterize the bifurcation from a globally attracting steady state to non-stationary behaviors;
that is, bifurcation from a globally attracting steady state to a periodic cyclebaatic
bundle Roughly speaking, a one-dimensional piecewise map may undergo border colli-
sion bifurcation when the 45 degree line touches the graph of the map at its non-smooth
boundaries. Therefore, in our model, border collision bifurcation occurs Wiesceeds



B*(a, a) as well ags approacheg*(b, b). To avoid increasing the length of the paper, we
focus on the former case, in which the model can be represented by a single peaked uni-
modal map. Of course, the same analytical method is adopted for the latter case, in which
the model can be represented by-shaped unimodal map. In section 4.1, we briefly dis-
cuss some mathematical results for border collision bifurcation. In section 4.2, we adopt
the results to our OLG model with technology choice.

4.1 Some mathematical results from border collision bifurcation

All results in this section follow from Nusse and Yorke (1995).
Before we examine the piecewise smooth map (17), we consider the following piece-
wise linear map:

yX+1 x<0,
Fvwz = { ! (18)

voX+1 0< X,

with 0 < v; < 1 andy, < —1. For convenience, let
D= {(Vl,Vz) 0<yy<1 and Vo < —1}

Note that the above map is typologically conjugated with the following map:

(19)

F X+u x<0
2l vox+u 0< X,

for all u > 0, which undergoes border collision bifurcation whes 0.
First, we state the existence of the periodic orbit in map (18).
Theorem 1. (Nusse and Yorke, 1995)

For integer m> 2, let

1- Vm—l
— . 1-m 1
P, = {(vl,vz) eD:— << T 2}.
1 1

If (v1,v2) € P, F,,,, has a period-m attractor. Moreover, the set

{X : w-limit set of x is not the period-m attractpr

Has Lebesgue measure zero.

Proof. See Nusse and Yorke (1995). |
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_ym-1 .
Let ym be the intersection of, = —v}‘m andv, = ﬁ Note that, for any integer
. 1 1
M= 2, ¥m1 < ¥Ym- Moreover, ify; < yy for someN,

_ L, (mel)-1 _ —1
_ ) 1-v < _yim 1-v
1 (m+1)-1 (m+1)-2 1 m-1_ ,m-2
v -7 Vi ™M

for anym < N. Therefore, the family of set8,, is pairwise disjoint. Fig.2 depicts the
P,, P3, P4, andPs on the ¢4, v2)-plane.

<<insert Fig.2 around hete-

Next, it is reasonable that we examine the case whergjm) € D\ U2 Pm = Z.
That is, if (r1,v2) € Z, mapF,,,, has a chaotic attractor in the sense that there exist no
periodic attractors, and, for any the trajectory ofx has a positive Lyapunov exponent.
Hereafter, we call sef the chaotic region Moreover, if(vﬁ, vg) € X, we call such a pair
thechaotic pair.

We discuss the chaotic region for more details. (Iy@,tvg) be any given chaotic pair.
DefineL (19) for the intersection of the vertical line and chaotic region, that s,

L(vtl)) = {(vl, V) EX vy = VO}.

Let m be the integer for which the “top” of the componenth(fv(f) that contain{v‘f, vg)
is the boundary of se®,,. Moreover, letC,, (vcl’) be this component di(vg). It is clear

that there are two cases wheréip (v(l)) is bounded or unbounded. Fig.3 depicts some
examples of seE,, on the {1, v,)-plane.

<<insert Fig.3 around here-

As we will see later, in our model, we only have to consider the case whereir
andCp, (vg) is unbound. Therefore, we simply defifg, (v(l)) asC (vg) Considering this,
we state the existence of the chaotic orbit in map (18) as follows.

Theorem 2. (Nusse and Yorke, 1995, with some modificatins
Let (v1,v2) € C be a chaotic pair and assume that, v,) € C(v1). There exis{vy,v,) €
C(v1) and(v1, v2) € C(v1), for whichyv < ¥ < —v;* such that the following hold.

1. If ¥ < v, < =v{*, map F,,, has a2**1-piece chaotic attractor for somex 1 (depend-
ing onv; andv,). In addition, ify? < %(\/E - 1), then k= 1.

IHere, we only consider the case whergir: 2 andCy, (v?) is unbounded.
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2. If v < v, < v,then F_,, has a two-piece chaotic attractor.

1,V2

3. If v, < v, then F,,, has an one-piece chaotic attractor.
Proof. See Nusse and Yorke (1995). O

We have seen the periodic and chaotic dynamics generated from border collision bi-
furcation on the piecewise linear map (18). The following theorem translates the above re-
sults to general border collision bifurcation results for piecewise, smooth, one-dimensional
nonlinear maps.

Theorem 3. (Nusse and Yorke, 1995)

Let G: R x J — R be a piecewise smooth map. Assume that G has the isolated crossing
fixed-point property a{Xo, o). Let m> 2 and k > 2 be any integers. Define, =

liM gy 52 (X, o) @ndv, = limyx, 92(X, wo). Then,

(i) if (v1,v2) € Py, G exhibits border-collision bifurcation from a fixed-point attractor to
a period-m attractor a{x, u) = (Xo, to)-

(i) if (vi,v2) € Xk, whereXy = Int{(v1,v,) € X : F,,,,has a k-piece chaotic attractpr
G exhibits a border-collision bifurcation from a fixed point attractor to a k-piece
chaotic attractor at(x, u) = (Xo, to)-

Proof. See Nusse and Yorke (1995). |

The property called thisolated crossing fixed-point propemyay be a somewhat unfa-
miliar notion; however, it is not an unusual property. Indeed, our model has this property
and can be adopted to Theorem 3.

Proposition 4. Map (17) has the isolated crossing fixed-point propertfyag) = (—z—fl,ﬁ*(a, a)).

Proof. See Appendix. O

4.2 Border collision bifurcation on the OLG model.

In this section, we detect the periodic and chaotic dynamics generated from the border
collision bifurcation in our model.
We now consider the following unimodal map:

hi(yr) = ay + logs(1 - @) Ve < -3,

Yier = i) = { ho(y) = log(1+ 3) +logs -1 —% <y; < - (20)

B.
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As we have seen in Proposition 4, map (20) has the isolated crossing fixed-point prop-
erty at(y,p) = (—%,ﬁ*(a, a)), and therefore we can adopt Theorem 3 into the model. Now,
we have the following:

vy = lim a—h(x,ﬁ*(a, a)=a and (21)
y1-1 0y

2

. oh R
vy = Jllm @(x,ﬁ @a)=-7—

(22)

It should be noted that, in our model, we cannot takend v, independently. Fig.4

depicts line

2
V1

(23)

Vo = —
1—V1,

on the ¢4, vo)-plane. We have only to examine the parameter set,0¥4) on this line.
In the figure, the left white circle represents intersections of two lines, —1 and (23).
On the other hand, the right white circle represents intersections of two h’ines,—y—ll

and (23). The/; coordinate of the left and the right white circles are givenbgndy**,

respectively. Subsequently, we easily see that ‘1%@ ~ 0.618, and/** ~ 0.682 which
is a root of the equatior® + vy —1=01in [0, 1].

<<insert Fig.4 around hese-

First, we can immediately state the periodic cycle in our model.

Proposition 5. If a € (v*,v**), our model exhibits border collision bifurcation from an
attracting fixed point to a period-two attractor &, 3) = (—1/a,5*(a, a)).

We now examine the chaotic dynamics in the model, which is the main focus of this
section. It is easy to see that that our model exhibits the chaotic attractarovr**.
Moreover, we see that we have to only consider €gfg) for a > v**, which are un-
bounded. According to Theorems 2 and 3, we expect that the model exhibifsEiete
chaotic attractor for somle > 1 (depending om; andv,), a two-piece chaotic attractor,
or a one-piece chaotic attractor.

Fortunately, Sushko et al. (2015) comprehensively analyze the border collision bifur-
cation in piecewise linear map (18). Their results are too technical to refer to all of them
here; however, we need to refer to a few results to investigate the chaotic dynamics in our
model. Now, we define the following sets:

Q.= {(vl,vz) ex: vlvg—v1+v2 < 0},
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Q= {(vl,vz) ex: vlvg—vl+vz > O,v§v§+v1—v2 <O}, and

Q4= {(Vl,V2) EX VA4V —va >0V — v+ v < O}.
Subsequently, we have the following.

Theorem 4. For k = 1,2, and 4, if (v1,v2) € Qk map (18) has the k-piece chaotic
attractor.

Proof. See Sushko et al. (2015). |

Fig.5 depicts the sef®;, Q,, andQ, on the §1,v,)-plane. Black circles represent the
2
intersections of line, = —lf—lyl and the boundaries @y (k = 1,2,4). Thev; coordinate
of these intersections, representedtiyando**, are as follows:

e o ~ 0.705 is a root of the equatiorf — v3 + 22 — v; = 0in [0, 1].
e o ~ 0.724 is aroot of the equationf + v2 — vy = 0in [0, 1].
<<insert Fig.5 around hese-

Now, we can completely characterize the chaotic dynamics generated from border col-
lision bifurcation in our OLG model.

Proposition 6. For map (20), we have the following three scenarios of bifurcation from
the attracting fixed point to a chaotic attractor.

1. For a € (v**, "), our model exhibits border collision bifurcation from the attracting
fixed point to a four-piece chaotic attractor @t 8) = (—1/a,5*(a, a)).

2. For a € (o, ™), our model exhibits border collision bifurcation from the attracting
fixed point to a two-piece chaotic attractor @ g) = (—1/a,5%(a, a)).

3. For a € (o*, 1), our model exhibits border collision bifurcation from the attracting
fixed point to an one-piece chaotic attractor(gt3) = (—1/a,8*(a, a)).

On ak-piece chaotic attractor, the trajectory goes through each interval &vibry
period. Of course, when a trajectory returns to the same interval, it never takes the same
value. Interestingly, when observing such a trajectory, one may regard the trajectory as a
k-cycle with random noises. Fig.6 (a) depicts the bifurcation diagram of map (20) respect
to B, where the model has the capability to exhibit four-piece chaotic attractor. Fig.6 (b)
depicts time series obtained from map (20) with four-piece chaotic attractor.
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<<insert Fig.6 around here-

In this section, we observed the chaotic dynamics wher€s*(a, a), 8°(a, a) + €) and,
eventuallys € (8*(b, b) — €, 8*(b, b)). In other words, we have investigated theginning
andendof the chaotic dynamics in the OLG model with technology choice. In the next
section, we examine the case whereinghg not suficiently neais*(a, a) or 8*(b, b).

5 Chaotic dynamics : Markov property

In this section, we show that our model has Markov propertyfor some sets of param-
eters, wherein the model can reduce to a bimodal map on the unit interval. If the map has
such a property, we can easily reproduce chaotic dynamics. In what follows, we assume
a-b 1-b .

—— >log 1 a and g*(b,a) <B <pB(ab),
where the model can be reduce to a bimodal map on the unit interval.

To simplify the analysis of the dynamics, we first use a variable change to reduce our
model to the bimodal map in the unit interval.

By defining a new variable as

Y+ 1-logp(l-D)
~ log(1-a) - log(1-b)’

Eq.(16) can be transformed into the following piecewise smooth map:

fL(x) = 1+ a(x —6a), X <0,
X1 = F(X) = { P(%), 6. <X <6g, (24)
fr(%) = b(X — OR), Or <X,
where
1
_ 9(%) 1 .
#x) = Iog[ e 1)] . with
1 = lo (1-2)
= 109 (1-D)’
g(x) = A% +logp(1l-h),
and
(1-a)+alogp(l-b)
9|_ = - ’
Aa
(1-Db) + blogp(1-b)
O = - )

Ab
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Now, we briefly discuss some property of map (24). It is easily shown that

dg(¥) , . @

dx (HL)__l—a and
de(¥) . b

dx (GR)__l—b'

Moreover, we have the following.
Proposition 7. Map ¢(x) is a monotonically decreasing and concave functio@rdg).

Proof. See Appendix. O

Therefore, the derivatives @f have lower boundr%3 and upper boundl‘% for x €
[QL, QR]'

5.1 Mathematical definition of the Markov property

First, we give some mathematical definitions of the Markov property. See, for example,
Boyarsky and @ra (1997) for more details. Lét= [0,1] andy : | — | be a map on

onto itself. Let® be a finite partition ol andly (k = 1,2,...,n) be subintervals of the
partition. Moreover, le, be the restriction of to I,. Now, we can define the following.

Definition 1. If eachyy is a homeomorphism from dnto some connected union of subin-
tervals I, theny is said to be Markov. Partitios is said to be a Markov partition with
respect tay.

To examine complex dynamics in the piecewise smooth map, we also need to discuss
the following property. Here, lei be a piecewise smooth map, which is not necessarily
Markov, and leiy" be ann-th iterate of maps. Then, we define the following.

Definition 2. If there is an integer r» 1 such thatnf |%| > 1 on each | whenever the
derivative exists, theg is said to be eventually expanding.

It is readily seen that the eventual expansion implies that the map has no attracting
periodic cycles and exhibits chaotic dynamics with long-run observability.

5.2 Markov partition on the OLG model

We first show that our model (24) can exhibit the following periodic cycle for some set of
parameter values:

0= f5(0) < f3(0) = 6, < f4(0) = 6 < f(0) = c < £3(0) = 1. (25)

Fig.7 depicts the graph of return mapx@fwvith the periodic cycle (25). We can show that
such a specific cycle implies chaotic dynamics.
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<<insert Fig.7 around hesre-

Proposition 8. (Observable chaos on a perid@dMarkov partition)

There exist aand & with < Oa. < ag < 1. If a € (a., aR), there exists ke (a,1) and

B > 0such that for(a, b, 8), we have a periodMarkov partition of the unit interval with
respectto f. Moreover, f is eventually expanding and thus exhibits observable chaos.

Proof. To calculate the period-5 cycle given by (28),and6r must solve the following
equations,
fr(1)=6r and fr(fL(0))=06L.

A straightforward calculation shows that

1 bt 1-b
ﬁ_mexp— -5 b and (26)
(b—a)(ab+ 1)(1+ b)
A= YT ) (27)
First, we check that
. 1 bi 1-b i
ﬁ (b, a) < m exp— [m + T} <ﬁ (a b) (28)
We see that the inequality
. 1 bt 1-Db
Ab.a) < meXp‘[m * T]

holds if and only if 0< 2. Thus, clearly, this inequality holds. Moreover, we see that

1+b*
the inequality
—  exp— £+ﬂ < B*(a,b)
1P |Tep T | <P
holds if and only if logi=2 < 221D ) et

1-b a-bl+b
n1(b) = |09m and 1n(b) = ab b

It is easily seen thaj;(b) is a monotonically decreasing and concave function ji]O0
Moreover, we have

d"jéa) _ —1;6‘ <0 and (29)

dzgéa) _ 2(aa:r 2) - 0. (30)
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Therefore, there exists> 0 such that for ang € (0, 1), ,(b) is a monotonically decreas-
ing and convex function fdo € (a — €, a + €). Note thaty,(a) = n,(a) and

dni(a) _ 1 dpp(@ _ 1+a
b - 1-a M g T

Considering the concavity af, and convexity of;, for neighborhood, if

1 l1+a
- < - sa+a®-1>0,
l1-a ad

there existex < asuch that log=2 < &b for b € (a,a). Leta, ~ 0.755 be a root of
the equatiora® + a2 — 1 = 0 in (0, 1). We conclude that i& € (a,, a), then inequality (28)
holds.

Next, we examine Eq.(27). Let

¢1(b) = log i:—i and @,(b) = (b- a)(a:2;31)(1+ b).

Clearly, ¢1(a) = ¢»(a), and we can easily see thai(b) is a monotonically increasing
convex function and limy; ¢1(b) = co. Moreover, we have

21-a%) .

w2(1) = % is bounded forae (0,1) and

deo(d) al+a?+a+1
= 0.

db 2 g
Therefore, if
dpr(@) 1 a+a’+a+1 -
. _1—a< = sa+a -1<0,

¢1(b) intersects withp,(b) at least one poinb € (a,1). Leta ~ 0.857 be a root of the
equationa® + a* - 1 = 0 in (0, 1). We conclude that i& < &, there existd € (a, 1) such
that, fora andb, Eq.(27) holds.

Let ar = min{a, a}. Now, we can state that & € (a., ar), there existd € (a, 1) and
B > 0 such that ford4, b, 8), we have a period-5 Markov partition of the unit interval with
respect tof.

Finally, we show thatf is eventually expanding. Ldt = [0,6.],1> = [0.,6R], 13 =
[6r. ], 14 = [c, 0], andl, be an interior of . Note that every point € |Jk_, I, will visit 1,
at least once every fourth iteration. Therefore,Xar J5_, I,

(FY (9] > 11 > |-

b
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and if
>l=a+a-1>0, (31)

‘ g

1-a
map f is eventually expanding. Since we can easily check whethet a, inequality
(31) holds, which completes the proof. O

Proposition 8 can be immediately extended to a more general case of a period)(2
Markov partition forn > 1.

Proposition 9. (Observable chaos on a perid@n + 3) Markov partition)

For any n € N, there exist g3, and an.3gr With 0 < ay3. < &nsr < 1. Ifa e
(8zn+3.L, @ons3R), there exists k& (a, 1) andg > 0 such that for(a, b, 8), we have a period-
(2n + 3) Markov partition of the unit interval with respect to f. Moreover, f is eventually
expanding and, hence, chaotic.

Proof. See Appendix. ]

6 Concluding remarks

Based on the model studied by Umezuki and Yokoo (2019), we develop a piecewise
smooth OLG model. By assuming a continuous choice instead of discrete choice of the
technologies, the model has the capability to exhibit several dynamic growth patterns,
including chaotic dynamics, which cannot be observed virtually for the model in Umezuki
and Yokoo (2019). Moreover, in spite of its generality, the model is tractable enough to
analytically investigate such complex dynamics in depth.

First, by using the border collision bifurcation theory, we investigated the routes from
a globally attracting steady state to other non-stationary behaviors. Then, we completely
characterized the chaotic dynamics around the bifurcation point; that is, we detected four-
piece, two-piece, and one-piece chaotic attractors. Second, we calculated the parameter
values for which the model has the Markov property. Then, we characterized the chaotic
dynamics, which are fierent from those in the case of border collision bifurcation. How-
ever, one might argue that sets of the parameter value, for which the map is Markov, are
too restricted. For future research, it is a natural task to cheakbustnessf the chaotic
dynamics by characterizing the dynamics near the parameter values for which the map is
Markov.

Finally, it should be pointed out that, compared with the output elasticity for capital
(or labor) estimated in the real world, parameter valaadb, for which the model can
exhibit chaotic dynamics, are relatively high. Although the intuition behind this remains
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unclear, from the technical view point, it could be explained by considering an inverse
problem as follows. In this study, we assume that the total factor productivity of the
technology, represented 18y is constant for all technologies. However, in general, we
can consider dierent total factor productivity for each technology. In that case, the model
has more flexibility, and various new problems might appear, including the following. “A
set of which type of technologies is needed to reduce the model to a continuous piecewise
linear map?” “For a given piecewise smooth map, is there a set of technologies such that
the model can be reduced to the given piecewise smooth map?” “If so, what features does
the set of technologies have?” In the future, we hope that our model is investigated more
deeply with additional settings without losing its tractability and generality.

Appendix A Proof of Proposition 4

Proof. For a general statement of the isolated crossing fixed-point property, see Nusse and
Yorke (1995). Map (20) has the isolated crossing fixed-point propel(tygaﬂ*(a, a)) if
the following conditions hold.

1. There exists{(—i,ﬁ) : B € Jo, Joisan open interval containingj(a, a)}, and for any
B € Jo, map (20) is not dferentiable at the poir(t—g,ﬁ).

2. The set{(x(8),8) : h(x(B)) = x(B),B € Jo} is a continuous curve and intersects curve

{(_i,ﬁ) ‘B€ Jo} transversally a(—i,ﬂ)-
1

3. Forg € J, %(yy) > 0fory < —% and@ < Ofory > —2. Moreover, the left limit

limy,_1 52 and right limit limy, s 952 exist.

4. h(-2)is a smooth function g8 € Jo, and forg = g*(a, @), % > 0.

It is obvious that map (20) satisfies these conditions. O

Appendix B Proof of Proposition 7

Proof. We easily show that

do(x) _ 1
dx — g()[g0¥) - 1]

Sinced > 0 andg(6R) = —ﬁ < 0,9(x) < 0 for [6., 6r]. Therefore, we have

de(x)
dx

< 0.
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Moreover, we have
o9 _ A[2909 1]
dx  g(x)?[g(x) - 1]
for x € [0, 6Rr]. This completes the proof. O

<0,

Appendix C Proof of Proposition 9
Proof. First, we show that there exists the following 2 3 cycle:

0= f2™3(0) < f™}0) = 6, < F22(0) = < --- < T™3(0) < f(0) < 1 = £™2(0).
(C.1)
To calculate the cycle given by (C.H), andér must solve the following equations:

fr(1)=6r and fg(f.(0)) = 6L

A straightforward but tedious calculation shows that

1 b"A 1-b
ﬁ = m eXp— fobk + T and (CZ)
(b—a)(1+ aU‘)ZE:Obk
A= 22+l : (C.3)
First, we check that
, 1 b"A 1-b .
ﬂ(b,a)<1_bex —[m+T:|<ﬁ(a,b) (C4)

We see that the inequality

. 1 b'Aa  1-b

B (b,a) < 1 &P [—Eﬂzob" 5 ]

holds if and only if
bﬂ
O0<A (—Zﬂzobk) .
Clearly, this inequality holds. Moreover, we also see that the inequality
1 b"A 1-b .
1-b _[Zﬂzobk " 7b ] <F@b)

3

holds if and only if logk=2 < &bZa | et

1-b . a—bZp b
m(b) = |09m and 7(b) = b b
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It is easily seen thaj;(b) is a monotonically decreasing and concave function jiJ0
Moreover, we have

dn2(a) _ _ZE:oak

b - a2z <0 and (C.5)
i@ (L+n)(1+a™) +257 (n—k+ 1)a
d a3 > 0. (C.6)

Therefore, there exists> 0 such that for ang € (0, 1), ,(b) is a monotonically decreas-
ing and convex function fdp € (a — €, a + €). Note thaty;(a) = 77,(a), and

dp@) _ 1 (@) | X
db 1-a db am2

Considering the concavity @f and convexity of;; for neighborhood, if

n k
1 __ Lo n+2
1 —a an+2

s> a*?+a"t-1>0,

_ n _
there existsa < a3 such that log=2 < %’Zkgﬁb for b € (a an,3). Letay,s be a
root of the equatio@™?2 + a™ — 1 = 0 in (0, 1). We conclude that if € (231, @n+3),

inequality (C.4) holds.

Next, we examine Eq.(C.3). Let

(b— a)(1 + ab)zn_ b

l1-a A
p1(b) = lleTb and ¢,(b) = T

Clearly,p1(a) = ¢2(a). We can easily see that(b) is a monotonically increasing convex
function and lim_; ¢1(b) = c. Moreover, we have

1)(1-2a%) .
¢o(1) = w is bounded forae (0,1) and
deo(a)  ZEptal
db _ a2m3 > 0.
Therefore, if .
d‘pl(a) _ 1 Z:kzzr) a 2n+3 2n+2

= a +a -1<0,

db  1-a a3
p1(b) intersectsp,(b) at least one poinb € (a,1). Leta,,, 3 be a root of the equation
a®™3 +a?™2 -1 =10in(0,1). We conclude that ifi < &3, there existdb € (a, 1) such
that, fora andb, Eq.(27) holds. Leb&n,3r = Min{apn,s, &n.3}. Now, we can state that
if a € (agnsaL, @nsar), there existd € (a, 1) andB > 0 such that forg, b, ), we have a
period-2h + 3 Markov partition of the unit interval with respect fo
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Finally, we show thaf is eventually expanding. Lét (k=1,2,...n-1) be subinter-
vals of the period-8+ 3 Markov partition and* = [0, 6g]. Moreover, letl, be an interior
of Ix. A minor consideration shows that every poxg Utzl I will visit 1* at least once
every 4 + 2th iteration. Therefore, fax € UK, I,

2n+3

|(f2n+2)/(x)| > a2n+1 |¢/| >

1-al’
and if
1S a3 ha-150 c7
_1—a> sa™+a-1>0, (C.7)
map f is eventually expanding. We can easily see thabif;,. < a, inequality (C.7)
holds. This completes the proof. O
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Figure 1: Piecewise smooth map (17) which has the fixed poiftin-£). a=07.b =
0.85 andB = 4.
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Figure 2: The set®,, P3;, P4, andPs on the ¢4, v,)-plane. If (1, v2) € Py, the map (18)
has an attracting periokieycle.
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Figure 3: Some examples of the €&t on the 1, v,)-plane. The set€,(v.), Cs(v.) and
C4(v.) are bounded, while the s€t(vg) is unbounded. Note thai(vg) = C,(vg) and
L) = Co(v)) UC(m) UCs(v) V...
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Figure 4: The linev, = —15; on the ¢1v,)-plane. Fora > v**, our model has the

capability to generate chaotic dynamics induced by border collision bifurcation.
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Figure 5: Classification of the chaotic region. Depending the valwair model exhibit

four-piece, two-piece and one-piece chaotic attractor which relate to the régi»
andQq, respectively.
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(a) Bifurcation diagram of map (20) with respecigo
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(b) Time series obtained from map (20) with four-piece chaotic attractor.

Figure 6: Panel (a) depicts the bifurcation diagram of map (20) respgciviberea =
0.684 € (v**,0™"). Panel (b) depicts time series obtained from map (20) with 0.684
andg = 2.06.
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Xi+1

Figure 7: The map (24) with a period-5 Markov paritioa.= 0.8,b ~ 0.902 andB ~
6.507.



