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Figure 2: Different types of dynamic behavior. n = 0,0 = 1,s = 0.2, (a)4; = 7.5, A5 =
6.5,0[ = 5/137 (b)Al = 7.5,142 = 6,0( = 1]./127 (C)Al = 2.5,142 = 6,@ = 025, (d)Al =

15, Ay = 2.5, = 0.6.



it is possible to transform the map F' into the map @, which maps the unit interval I = [0, 1]
into itself.

o: I =1,
5 1+alxy —0) = op(xy), if0<uax <0,
T = @(ay) = (= _)~ pula) . ' (3)
b(xy — 0) = or(zy), ifo <z <1,
where
1= (b+c) n+d—sA n+0 A,

6 =

a—(b+c) s(A—Ay)  s(A—A) A — Ay
One can easily confirm that 6 can take any value between 0 and 1. See the appendix for a

proof. Note also that there is an inverse relationship between 6 and saving rate s. Fig. 3
depicts map ¢, which has a jump discontinuity at € and is increasing elsewhere.

2.2 Uncertainty of observation

Next, we take one more step forward. Firms cannot observe the true state variables with
precision, due to insufficient information. Therefore, observation errors are explicitly consid-
ered in the regime-switching model of the previous subsection. Following Yokoo and Ishida
(2008), we assume that state variables are observed with additive noise,

j:i,t =x; + OE;¢t-

Here, the observation z;, made by firm ¢ at time ¢ includes a disturbance term ¢;;, which
follows the cumulative distribution function G, has a zero mean, and is independent of ¢ and
1. 0 > 0 is constant and measures the degree of uncertainty. In particular, ¢ = 0 indicates
that there is no noise involved. Then, the probability of adopting the Leontief technology
(technology 1) is

o o

0 — 0 —
Prob{z;; < #} = Prob {ai,t < xt} =G ( xt) :

The argument of the last term, (§ — x;)/o, can be written as
1—k

pke) = oa—b—0)

Here, we introduce the uncertainty of observation into the original model (2) and obtain the
following general version of the difference equation:

ket = [aGp(ke)) + (1 — G(p(ke))ke + (1 = Glp(ky)))e. (4)

It can be easily confirmed that Fj, of (2) can be obtained when G(p(k;)) = 1 and Fp of (2)
can be derived from G(p(k;)) = 0. However, it is necessary to further specify G(p(k;)) € (0, 1)
from the final model.

We first define Gy = G(p(kt)) for G(p(k:)) € (0,1). In general, G(p(k:)) can be represented
in the following form:

0 if p(ky) < —1,
Glolk)) = 4 Gy i 1< p(k) < 1, (5)
1 if pke) > 1.
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Figure 3: Graph of ¢(z;). n=0,0=1,s =0.2,4; =10, Ay = 2.5,a = 0.4.



Furthermore, define k7, and kg as the solutions of p(k;) = 1 and p(kr) = —1, respectively,
for o > 0 sufficiently small. Then, a simple computation shows that

kp=1—o0(a—b—c), kr=1+0c(a—b—c). (6)
Note that k;, < 1 < kg. It is clear that lim,_,o k;, = lim,_,o kg = 1. Since capital per worker
must be positive, we impose the condition that k; > 0. This implies
1 14+n

O<0<a—b—c:s(A1—Ag)' 0

Subsequently, if G, is appropriately specified, then dynamic equation (4) has a trapping
interval [bkr + ¢, akr]. By an analogous change of variables h : [bkr + ¢, akr] — [0, 1] such that

ke — (bkg + c)

— k) —
7= hik) aky, — (bkr +¢)’

it is possible to transform equation (4) into the following map:

1+a(l‘t—0L>, if0§$t<eL,
i1 = § pum(e) if 0, < x; < 0O,
b(iUt - QR), if Op <, <1,

where

0, — k?L—(ka+C) 0, — kR—(ka+C) (8)
YT akp — (bkp+c) B aky — (bkg + )

Note also that lim,_,o 0, = lim,_,00r = 0, and ¢,/(z;) depends on G;. In order to make
our model significantly tractable, we set

QR_:Ct
Or — 01

Here, based on this form of ¢,/(x;), it is possible to deduce the shape of G ;. That is, the
explicit form of Gj; could be obtained such that it satisfies the following equation:

[aGr +b(1 — Gy ke + (1 — Ga)e = b oa(h(ky))).

om(xe) =

If we let y; = p(k:) and solve the above equation for G/ (y:), then we get

(a—=b)[l—c(a—b—c)]—c .1+yt.

Onlo) = N —ola—b—dul—¢ 2 (9)

See the appendix for the computation of Gys. It is also verified that lim,_,_; G = 0 and
lim, ,; G = 1. These values correspond exactly to equation (5), which is illustrated in Fig. 4.

Above, we have specified the functional form of GGj; and obtained a piecewise linear function
that maps the unit interval onto itself. For the reader’s convenience, we rewrite the model
that we will analyze in this paper as below.

p: 1 =1,
1+a(x,—01) = pr(xy), if0<a, <0;,
Topr = P(x) = § (Op —20)/(Or — 01) = op () if O < 2y < O, (10)
b(xt — GR) = QOR([Bt), if OR S Tt S 1.
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G(y)

Figure 4: Graph of cumulative distribution function G(y). n =0, = 1,s = 0.2, 4} = 20, Ay =
3,a=5/6,0 =0.1.
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Figure 5: Graph of p(z;). n=0,0=1,s =0.2, 4; =10, A3 = 2.5,a = 0.8,0 = 0.05.
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Fig. 5 shows that ¢ is N-shaped. Moreover, note that ¢ is influenced by ¢ and will evolve
into ¢ given by (3) when uncertainty disappears.

In the following, we will characterize the dynamics of the model given by (3) and (10).
Depending on whether there is uncertainty or not, periodic cycles and chaotic behaviors are
investigated. As indicated in the title of this paper, we intend to focus more on chaotic
behaviors than periodic cycles.

3 Periodic fluctuations under perfect observation

Here, we briefly examine the dynamics of the model in the absence of noise or uncertainty.
The model is represented by (3), which is a piecewise linear one-dimensional map with a jump
discontinuity at . Under perfect observation, firms can accurately evaluate all relevant factors
to select suitable production technologies. In fact, the dynamics of this specification of the
model have been extensively investigated, for instance, by Keener (1980). In this case, we
simply calculate ¢(0) and ¢(1):

b(a—1)

(b+c)(a—1)
a—(b+c)

(0) = a—(b+c)

, o el) =
Since ¢(0) > ¢(1), this corresponds to the nonoverlapping case considered by Keener(1980).
Based on Keener’s (1980) results, a mapping like (3) either exhibits periodic behavior or
converges to a Cantor set, whose measure is zero. Consequently, it is nearly impossible to
observe non-periodic behaviors if there is no uncertainty.

4 Chaotic motions under imperfect observation

In this section, we investigate the dynamic behaviors of the model that incorporates uncer-
tainty, which is represented by equation (10). We first show that this model has the Markov
property under some parameter values, which allows the observation of chaotic dynamics in
the long run. Furthermore, the chaotic trajectories can be characterized by invariant densities.

4.1 Markov property

First of all, the notion of a Markov partition should be discussed. Let I = [0,1] and
f I — I be amapping of I onto itself. Divide the unit interval into subintervals I; by a finite
partition P. If f; is a homeomorphism from /; onto some connected union of intervals of P,
then f is said to be Markov. The partition is said to be a Markov partition with respect to
f. See, for example, Boyarsky and Gora (1997) for more details.

Proposition 1. (Observable chaos on a period-5 Markov partition) If 01, = 051, Or = 05 g,
a=a=a(bsr,05r) and o = 6 = o(a), then ¢ defined by (10) has a period-5 Markov partition
of the unit interval and exhibits observable chaos.

Proof. First, we show that the model (10) can exhibit the following period-5 cycle:

0=¢(0) < b5 =¢*(0) <bsr =" (0) <7=1p(0) <¢’0) =1, (11)
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which is illustrated in Fig. 6. To calculate this period-5 cycle, we need that 05, and 05 g
satisfy

¢r(pL(0) =05 1, ¢or(1) = 05 r.

By solving the above two equations for 05 ;, and 05 r, we can obtain

05, = b O p = —
T (14 0)(1+ab)’ ST 4

(12)

Further calculation shows that 05 p — 05 ;, = ab®/(1 + b+ ab + ab?).

Specially, using equations (6), (8), and (12) to solve 8.(c,a) = 051, and 0r(0,a) = 05  for
a and o, we derive particular a and &. Note that the specific expression for a is omitted here
for brevity, but 6 can be expressed as follows:

ab(l —b—c¢)

0=l = oy ama—b—0

See the appendix for detailed computation of a and 6. Moreover, it can be verified that &
satisfies the constraint (7) as the following inequality always holds:

b1 — b —
ab( A b Ac) <1
2+ ab + ab?
Next, we show that ¢ is eventually expanding. Let Iy = (0,05z), Io = (051,05 r), I3 =
(05.r,7), and Iy = (,1). Then one can easily confirm that

O (1) = () = ¢*(I3) = ©*(I4) = I.

Since every point z € Ui_,I; will visit I; at least once every fourth iteration, it will also visit
I at least once every fourth iteration. Therefore,

ab? N
(") (@) = 10| - [l - 1¢Rl? = ——F— = 1+ b+ab+ab® > 1.
|65,R 05,L|

Note that [} [|¢h]|¢R|? is the smallest possible case. Although |@%x|?|¢y,| vields a smaller
numerical value, it is logically impossible for such a case to occur.

Since |(p*)'(z)| > 1, the map ¢ given by (10) is eventually expanding, which implies that
the map exhibits observable chaos. O

Proposition 2. (Observable chaos on a period-7 Markov partition) If 01, = 071, Or = 07.r,
a=a=a(b;,0;r) and o = 6 = o(a), then ¢ defined by (10) has a period-7 Markov partition
of the unit interval and exhibits observable chaos.

Proof. There is a period-7 cycle as follows:
0=¢"(0) < b =¢*0) < b7 =¢°(0)
< 9*(0) < ¢°(0) < p(0) < ¢*(0) = L.
Fig. 7 illustrates this period-7 Markov partition. By solving ¢%(¢r(0)) = 071 and p%(1) =
67 r, We can obtain
b2 b2
bre = (1+b+6>)(1+ ab?)’ bron= T

(13)
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@(0)

Xt+1

@*(0)

®%(0)

Figure 6: Period-5 Markov property. n =0,0 =1,s = 0.2, Ay = 2.5, = 0.8, Ay ~16.09,6 ~
0.06.
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@*(0)
0 671 67r ¢2(0) Q)S(O) @(0) 1
Xt

Figure 7: Period-7 Markov property. n = 0,6 = 1,s = 0.2, Ay = 3.5, = 6/7, Ay ~ 14,0 ~
0.04.
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Note that 07 g — 07,1, = ab*/[(1+b+b?)(1 + ab?)]. Furthermore, by solving 0;(c,a) = 6, 1, and
Or(0,a) = 07 g for a and o, we obtain specific @ and . It can also be verified that & satisfies
the constraint (7).

Let Iy = (0,07,0), I = (07,1, 07,r), I3 = (07,7, 9*(0)), L = (¢*(0),¢°(0)), Is = (¢°(0), ¢(0)),
and Is = (¢(0),1). Then it is easy to confirm that

o' (1) = o(Is) = ¢°(I3) = ¢*(11) = ©°(I5) = ¢*(Is) = .

Since every point x € UY_, I; will visit I; at least once every sixth iteration, it will also visit I
at least once every sixth iteration. Therefore,

ab 2 12
= (1+b+b)(1+ab?) > 1.

(%) (@)] = |1l - |Rl* - [l = =
|67 r — 07,1

]

From Proposition 1 and Proposition 2, the more general case summarized in Proposition 3
can be obtained.

Proposition 3. (Observable chaos on a period-(2n+3) Markov partition) If 0, = Oanis 1,
Or = Owmisr, 0 = a = a(bapisr,O0misr) and o = ¢ = o(a), then ¢ defined by (10) has a
period-(2n+3) Markov partition of the unit interval and exhibits observable chaos.
Proof. Solve

Pr(er(0) =Oonizr,  @r(1l) =bOumisr
to have a period 2n + 3. This yields

p(1 - b) b(1 - b)
Pmsst = Gy @y PR T 14

Further calculation shows that 0o, 13 g — 02,43 = [ab®"(1 — b)]/[(1 — b"T1)(1 + ab™)]. By an
analogous method, we obtain @ and & by solving 0(0,a) = a3 and Og(0,a) = Oopi3 R.
See the appendix for computation of a and 4.

We show that ¢ is eventually expanding as follows. Since every point € U2"{2I; will visit
I, at least once every (2n + 2)th iteration, it will also visit /5 at least once every (2n + 2)th
iteration. Therefore,

(™) (@) = @] - [ol™ - oyl = AL+ ab") (1 + b+ +0") > 1.

4.2 Predictable chaos on a Markov partition

We know that ¢ defined by (10) is a piecewise linear Markov transformation. This allows
us to calculate the long-run distribution of chaotic trajectories, making erratic business cycles
predictable. See, for example, Matsumoto (2005) for the construction of invariant density
functions.

Before proceeding with the analysis, we first introduce a matrix version of the Frobenius—
Perron operator, M, = (m;;j)1<; j<n, the entries of which are given by

qij
mij = —

1
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where Q, = (¢ij)1<i,j<n is the incidence matrix induced by piecewise monotonic transformation
 and partition P of I. More specifically,

%5 = 0, otherwise.

For more details, see Boyarsky and Gora (1997) or Boyarsky and Scarowsky (1979).

Proposition 4. (Invariant density on a period-5 Markov partition) If ¢ is Markov on {I;}}_;,
inf |(p*)| > 1, and matriz M, = M,,, then ¢ admits an invariant density function ™ = 75 (z),
and the corresponding probability density is p(x) = wi(z)/ Z?:l ;| L]

Proof. From the previous subsection, for a period-5 Markov partition, the following relation-

ship holds:
I Co(h), UL Co(ly), I Ce(ls), I Co(ly).

Then, the 4 x 4 matrix induced by ¢ is

@5

o= > o
s > o
co[>o
R

where A = ab?/[(1 + b)(1 + ab)] and a = a = a(b5,, 05 r)-

Since we know that ¢ is Markov on {I;}}_; and that inf |(¢*)| > 1 from the previous
subsection, by Theorem 9.4.2 of Boyarsky and Gora (1997), ¢ admits an invariant density
which is the nontrivial solution of M, = m, that is, the left eigenvector for eigenvalue 1.
Therefore, the following defines the invariant density function 7 (z):

ab + ab® = m, =
. ab* +ab+ 1+ b=, x € Iy
(1) = ab? = s, x € I3
ab®> + b+ b =7y, r €Iy

]

The corresponding probability density, the normalized invariant density, is illustrated in
Fig. 8. The area for interval I; represents the frequency that a typical chaotic trajectory visits
I;.

It is also worth noting that the mean p = u(a,b) and standard deviation w = w(a,b) of
chaotic trajectories can be obtained by straightforward computations (see the appendix). For
instance, when b = 0.4, ¢ = 0.1, we find a ~ 3.22, ¢ = 0.06, and subsequently calculate
p =~ 0.4022 and w ~ 0.3035. In particular, theoretical values and estimated values converge
asymptotically.

Proposition 5. (Invariant density on a period-7 Markov partition) If ¢ is Markov on {I;}5_,,
inf [(¢°)'| > 1, and matriz M, = M., then ¢ admits an invariant density function © = w3 (x)
and the corresponding probability density is p(x) = w5 (z)/ Z?:l ;| L]
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Density

Xt+1= @(x¢)

0 N I I3 Ig 1
Xt

Figure 8: Invariant density for the period-5 Markov map. n =10,0 =1,s = 0.2, Ay =25a=
0.8, A, ~ 16.09,6 ~ 0.06. Density p(z) = wt(x)/ > i, m|l|. Simulated histogram of 10
iterations.
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Proof. Using an analogous method to that for the invariant density on a period-5 Markov
partition case, we first obtain the following relationships:

Is C p(Ih), U I; C (L), I C ¢(I3), I C (1), I3 C o(I5), 1y C p(I5).

Then, a 6 x 6 matrix is obtained as follows:

7

o o o[> o
o oo > o
Oc—o O > o
cocoo[>o

cmO O O > o

oo oo e

where A =075 — 071, = ab*/[(1+ b+ b*)(1 + ab?)] and a = a = a(07.1,07 ).
The corresponding invariant density 7% (z) can be calculated as

*

()

(ab* + ab® + ab?,

ab* +ab® + ab®> +v* + b+ 1,
ab* + ab®,

ab* + ab® + b> + b> + b,

abt,

Labt + b* + b* + b,

rel;
z € Iy
x € I3
T €Iy
x € Ix
z € Ig

]

The corresponding probability density is depicted in Fig. 9.
To find the general form of invariant density, we also calculate 7§(x) for n = 3. See
the appendix for the computation of 7§(x), where the corresponding probability density is

p(z) = m5(2)/ Soi, mil il

Proposition 6. (Invariant density on a period-(2n+3) Markov partition) If ¢ is Markov on
(L3272, inf |(9*2)| > 1, and matriz M, = M, ,, then @ admits an invariant density func-

tion m = 7y, 5(x) and its corresponding probability density is p(x) = 75, 5(x)/ S22

Proof. By the same argument, we can obtain the following (2n + 2) x (2n + 2) matrix:

0 0 0 0 1
A A A A A
P 0 0 0 0
Mesis = 0 1 0 0 0
00 10 0|

Here, A = 09,3 r—O2n131 = [ab®(1—0)]/[(1—0""1)(14+ab™)] and a = G = a(f2n+3.1, Oonis.r)-

18



Xt+1= @(xt)
Density

oh I

Xt

Figure 9: Invariant density for the period-7 Markov map. n = 0,0 = 1,s = 0.2,4; =
3.5,a = 6/7, Ay ~ 14,6 ~ 0.04. Density p(z) = ni(x)/ S0, m|L]|. Simulated histogram of
106 iterations.
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Then, solving M,

ponse = T, We obtain

T

T2
* JR—

Tont3 (95) =
Ton+1
Ton+2

Here, my = (1 + ab™)(1 4+ b+ --- 4+ b"), which is the maximum, and 7,1 = ab®*", which is
the minimum. If the Markov partition can be split into odd and even terms, it is possible to
derive the remaining items from 7y and o, . O

5 Conclusion

We have developed a regime-switching model that can exhibit periodic fluctuations and
chaotic dynamics. The two distinct regimes and endogenous cycles are from the binary choice
of production technology. In addition, chaotic motions are induced by observation errors.
More importantly, the chaos was characterized by the Markov property, which allows the
calculation of invariant densities. It is, thus, possible to predict the highly erratic trajectories
in the long run.

We give here a few notes on technology choice and observation errors. Technology choice
here can be interpreted more broadly. For example, if the output is taken abstractly, then
technology choice may be described as the choice of industry in which investors (shareholders)
invest. Or, to take a slight leap forward, it may be regarded as the choice of the political
party supported by investors (such as between the two major parties, the Republican and
Democratic parties, in the United States of America). This is because one can imagine that
the party in power will have an impact on the macro structure of production.

As for the observation errors introduced here, there may be other interpretations. For
instance, we could assume that there is some heterogeneity among firms so that their optimal
thresholds vary even if no observation errors are present.

Finally, the piecewise linear model presented here is based on very specific parameters and
a very specific distribution of observation errors. In this very special situation, the chaotic
dynamics of the model, usually considered unpredictable, become predictable because they
are fully described in some probabilistic sense. Therefore, it remains to be seen whether
the model with the Markov property has some robustness. If so, the Solow model with the
Markov property could be regarded as a good benchmark. This topic is, however, left for
future research.

Appendix A. Proof of 0 <6 <1

From the right-hand inequality of A; > (n + J)/s > As, we have

n+9 >é
SAl Al'

This implies
n—+90— sAs

> 0.
SAl
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Since
_n+d—sAy  n+0d—sA

0 —
s(A; — Ay) ~ sA; 7

it is clear that 8 > 0.

On the other hand, since sA; > n + §, the operation of finding a common denominator
yields
n+d—s4 n+4o

S(Al — Ag) < 8141 ’
From the left-hand inequality of A; > (n+§)/s > Ay, we have

n+0
SAl

< 1.

Hence, we can verify that 6 < 1.

Appendix B. Computation of G,

The explicit forms of h(k;) and @y (x;) give us

kr — k
i1 = parlhlk)) = T
Consequently,
-1 -1 k:R - kt
kiv1 = h™ (x1) = b (pm(h(ky))) = [akp — (bkr + ©)] - e + (bkr + ¢).

On the other hand, using equation (4), G can be obtained as follows:

kL(a—b)—c kR_kt

G(p(kt)) = ki(a —b) —c . kr— ki

Since k; = p~ (), equation (9) can be obtained by substitution.

Appendix C. Computation of (7, a)

From equations (6) and (8), we can obtain

_l1-b—c—ogla=b—c)(1+b)
HL(U’G)_a—b—c—U(a—b—C)<a+b) wnd
1—-b—c+o(a—b—c)(1—0)
HR(J’CL):a—b—c—U(a—b—Cxa"'b)'
)

To derive ¢ and a, we solve 61 (0,a) = 05, and Or(0,a) = 05 r using equation (12). Given
b and ¢, a can be attained by solving

(I1-=b—c)(14+ab)—(ab—1+c)(1+0b) b

(a—b—c)(14+ab) —(ab—1+c)(a+b) (1+b)(1+ab)
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for a. For brevity, the explicit expression of @ is not presented here, but it can be solved since
this is a quadratic equation in terms of a. Based on this a, we solve

l-b—c—o(a—b—c)(1+b) 1—-b—c+o(a—b—c)(1—-0b)
05,1 05,k '

for &, from the equation (12), & = o(a) can be obtained, as indicated in the main text.
For the general case, we solve 0;,(0,a) = 02,431, and Og(o,a) = 02,13z for @ and & to find
that a can be obtained from

(1—b—c)Dy— (1+b)Dy  b"(1—1b)
(a—b—c)D; — (a+b)Dy (1 —b+1)(1 4 abn)’

where Dy = (1 — b)(1 4+ ab™) and Dy =0"(1 —b)(a—b—c) — (1 —0"")(1 —b—¢).
Given this a, a particular 6 can be obtained as follows:

ab"(1—b—c)

0=0l) = G gerar +a

Appendix D. Computation of ; and w

From the probability density, the mean p is calculated as

uz/ ()dw
:/ zzlmm

95 LT T2 (egR 95,L) + w3 (77— eg,R) +my- (177
22?:1 i L]

34 9b+ 5% + 3ab + 10ab® + 5ab® + a*b* + 3a*b* 4 a*b*

B 2(4 + 3b + 2ab + ab?)(1 + b)(1 + ab)

= p(a,b),

where @ = a(6s 1,05 r). To obtain the standard derivation w, it is necessary to calculate the
variance w?.

= [ plo)do

I

=/9:2-p(ﬂr)dfv—u2
I

T eg,L + (953;,1% - eg,L) + 3 (7 — 9?,}2) +my- (1—-7°) 2
— . ,
32@:1 il Li]

Therefore, the standard derivation w = w(a, b) is the square root of the above.
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Appendix E. Computation of 7§(z)

From M, and M,

o7, We can obtain My, which is an 8 X 8 matrix.

®9

oo oo os>o
oo o oo >o

0
A
0
0
1
b
0
0
0

o osro OO [>o
ocmo O o O [>o
coocoococo[>o
OO OO O [>elm

O OO0 oo [>o

where A =0y p — 09 1, = ab®/[(1 4+ b)(1 + b*)(1 + ab*)]. Using M,

0o, We can calculate

ab® + ab® + ab* + ab®

ab® + ab® + ab* +ab® + 0> + 0> + b+ 1
abb + ab® + ab*

. ab® + ab® + ab* +b* + B3+ b2 + b
7'('9(1‘) = ab6 + ab5

ab® + ab® + b + b* + b3 4+ 1?

ab®

ab® + 08 +0° + bt + b3

Here we note that a = @ = a(fy 1, 09, r), which is the solution to 81 (c,a) = 0y 1, and Or(o,a) =
b9 .
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